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A solution of 3x+1 problem
Ewa Wanda Graczyn´ska
Abstract. We present a solution of 3x+1 problem. For a history of this
problem we refer the reader to Lagarias, Jeffrey C. [1].
1
1. Notation
We use standard notation. N denotes the set of all natural numbers, elements
of the set N are denoted by x, y, z etc. For a given natural number x by
3x+y-procedure for x we understand a sequence of numbers (x, x1, ..., xm, ...)
starting from x = x0 and such that for a given xn we put xn+1 = 3x + 1 if
xm is odd, and xn+1 =
1
2
xn if xn is an even number. We prove that for any
given x ∈ N the 3x+ 1-procedure for x terminates at 1.
2. Useful lemmas
First we notice an obvious:
Lemma 2.1. For a given natural number x, the 3x + 1-procedure for x ter-
minates at 1 if and only if it terminates for the number y = 2n · x for any
natural n.
Proof
Assume that the 3x + 1 procedure terminates for x. Then in this pro-
cedure for y we first divide by 2n and then do 3x+ 1 procedure and finish it
at 1. And vice versa, if the 3x+1 procedure for y finishes at 1, it is obvious,
that by the way (after dividing y first by 2n) we do this procedure for x,
finishing at 1. Therefore the Lemma 2.1 holds. 
Lemma 2.2. For a given natural numbers n, k, with n > 2, if x = 2n · 3k + 1,
then the 3x+ 1-procedure for x terminates at 1.
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Proof
Our proof will be on the natural induction on the natural numbers
s = n+ k.
If s = n+ k = 3 then x = 8 and the hypothesis holds.
Let us assume that the hypothesis holds for all natural s less than n+k.
Let us use the 3x + 1-procedure for x = 2n · 3k + 1, which is an odd
number, for n > 2. Thus:
x1 = 3x+ 1 = 2
n · 3k+1 + 4, which is an even number. Thus:
x2 =
1
2
x1 =
1
2
(2n · 3k+1 + 4) = 2n−1 · 3k+1 + 2, which is an even number.
Thus:
x3 =
1
2
x2 =
1
2
(2n−1 · 3k+1 + 2) = 2n−2 · 3k+1 + 1.
As n− 2 + k+ 1 = n+ k − 1 < n+ k, therefore x3 < x and by the induction
hypothesis, the 3x+1-procedure continued on x3 terminates at 1. The 3x+1-
procedure on x terminates at 1. 
3. A modification of the 3x+ 1 procedure
It is known, that he hypothesis holds for 1, 2,...,27,.. and many other num-
bers.We will express natural numbers in binary system. For example 1 = 1,
2 = 10, 3 = 11, 5 = 101, 7 = 111, 8 = 1000, 27 = 1111, etc.
3.1. Example
Let us note that the procedure written in binary system may be shortened
as the even numbers have always 0 at the end. The multiplication by two
means adding one 0 at he end of the sequence, dividing by 2 means cutting
the sequence by cancelling a 0 at the end of the sequence.
Example 3.1. Using the 3x+ 1-procedure, we obtain the following sequence:
(x, x1, x2, ..., x18) for the number x = 7:
We present of the 3x+ 1-procedure for the number x = 7 represented in the
binary system as the sequence x = 111. Then:x1 = 3 · 7 + 1 = 22 = 10110;
x2 =
1
2
22 = 11 = 1011; x3 = 3 · 11 + 1 = 34 = 100010; x4 =
1
2
34 =
17 = 10001; x5 = 3 · 17 + 1 = 52 = 110100; x7 =
52
2
= 26 = 11010;
x8 =
26
2
= 13 = 1101; x10 = 3·13+1 = 40 = 101000; x11 =
40
2
= 20 = 10100;
x12 =
20
2
= 10 = 1010;x13 =
10
2
= 5 = 101; x14 = 35˙ + 1 = 16 = 10000;
x15 =
16
2
= 8 = 1000; x16 =
8
2
= 4 = 100; x17 =
4
2
= 2 = 10; x18 =
2
2
= 1.
Therefore the 3x+ 1-procedure on x terminates at 1. 
We modify a little the classical 3x+ 1-procedure in the following way:
Definition 3.2. Definition In the classical 3x+1 procedure we write numbers
in binary system.For every natural index m, if an element xm of the sequence
of 3x+1-procedure composed as in the beginning of the paper is even, then it
has a 0 (or s zeros) at the end of the binary sequence representing x).Instead
of dividing that number by 2, we then add one 0 (or s zeros) at the end of the
binary sequence representing the next number, namely xm+1. By other words,
the number xm+1 is then multiplied by 2 or 2
s respectively. Our procedure
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finishes, when we obtain 1 or a sequence 1000...0 representing 2s, for some
natural s in a binary system.
Let us note that the procedure written in binary system may be short-
ened as the even numbers have always 0 at the end. The multiplication by
two means adding one 0 at he end of the sequence. Dividing natural numbers
by 2 written in binary system means cutting the sequence by cancelling a
0 at the end of the sequence. Similarly for dividing a natural number by 2k
means cutting k zeros at the end of the binary sequence representing that
number. We present an example of the 3x + 1-procedure for the number
x = 7 represented in the binary system as the sequence x = 111. Then:x1 =
3 · 7+ 1 = 22 = 10110; x2 =
1
2
22 = 11 = 1011; x3 = 3 · 11+ 1 = 34 = 100010;
x4 =
1
2
34 = 17 = 10001; x5 = 3·17+1 = 52 = 110100; x7 =
52
2
= 26 = 11010;
x8 =
26
2
= 13 = 1101; x10 = 3 ·13+1 = 40 = 101000; x11 =
40
2
= 20 = 10100;
x12 =
20
2
= 10 = 1010; x13 =
10
2
= 5 = 101; x14 = 35˙ + 1 = 16 = 10000;
x15 =
16
2
= 8 = 1000; x16 =
8
2
= 4 = 100; x17 =
4
2
= 2 = 10; x18 =
2
2
= 1.
Therefore the 3x + 1-procedure on x terminates at 1. Let us notice that in
this procedure for 7 we have divided 11 times by 2.
Now we present an example of a our modified 3x+ 1-procedure for the
number x = 7 represented in the binary system as the sequence x = 111
shortened in the following way, instead of dividing by two or 2n for an even
natural number representing a step in the procedure, we only add one 0 (or
n zeros) at the end of the number in the sequence representing the next
number. Finally we obtai the number 1 with (in this case 10 zeros at the
end). We cat all zeros at the end and obtain 1:. We start with x = 7 = 101.
Then:x1 = 3 · 7 + 1 = 22 = 10110; ; x3 = 2 · (3 · 11 + 1) = 2 · 34 = 1000100;
x5 = 2
2·(3·17+1) = 22·52 = 11010000; x6 = 2
4·(3·13+1) = 40 = 1010000000;
x7 = 2
7 · (35˙ + 1) = 16 = 100000000000; x8 =
2
11
211
= 1. Therefore the 3x+ 1-
procedure on x terminates at 1.
4. Main theorem
In this section we prove the following theorem, which states the positive
solution of the 3x+ 1 problem:eorem
Theorem 4.1. For a given natural number x x the 3x + 1-procedure on x,
terminates on 1.
Proof
Our proof will be on the natural induction on the number x.
Assume now that the hypothesis holds forall natural numbers y smaller
that x ∈ N . We proceed the 3x+ 1-procedure on x.
If x is even, then x1 =
1
2
x and x1 < x. Therefore, by the induction
hypothesis, the 3x+ 1-procedure on x1 terminates on 1.
Assume, that x is an odd number. We express x in the binary system
as the sequence x = 1a1a2...an1, where a1, ..., an ∈ {0, 1} for some natural
number n.
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We can easily assume that x is bigger than 23 · 3.
For such x = 1a1...an1 we obtain that x = 10...0 + ara2...an1 = 2
n+2 +
ara2...an1 wheren is a natural number, r is the first index of a1a2...an different
of 0 (if there is no such index, then x = 10...0 + 1 = 2n+2 + 1 and similarly
as in Lemma 2.2 we see that then 3x + 1-procedure ends at 1). Note, that
2n+2 < x and ara2...an1 < x.
Thus 3x+1 = 3 ·2n+2+[3(ara2...an1)+1] = 2 ·2
n+2+2n+2+[3(ara2...an1)+
1] = 2n+3 + 2n+2 + [3(ara2...an1) + 1].
Using our modified 3x+ 1-procedure on x we get:
x1 = 3x + 1 = 3(10...0 + ara2...an1) + 1 = 3(10...0) + [3(ara2...an1) + 1] =
3 · 2n+2 + [3(ara2...an1)+ 1]. We observe, that the parity of x1 is exactly the
same as the parity of 3(ara2...an1) + 1. Therefore continuing our modified
3x + 1-procedure on x1, by the induction hypothesis applied to the number
a1a2...an1 we obtain a number xm of the form: xm = 2
r · (3k · 2n+2 + 1), for
some natural numbers k, n, r.
Continuing our 3x+ 1-procedure on xm we conclude that it terminates
at 1, by Lemma 2.1 and 2.2. Finally we obtain, that the 3x+1-procedure on
x terminates at 1. 
5. Practical calculations
We present a practical calculation of an example of the 3x+1-procedure for
the number x = 7 represented in the binary system as the sequence x = 111.
Note, that 3 · x = 2 · x+ x.
Therefore we present the 3x + 1-procedure for 7 in practical binary
notation in the following way:
x0 = 7 x1 = 3 · 7 + 1 = 2 · 111 + 111 + 1 which we do as addition:
1110
111
+1
and add modulo-2 obtaining:
10110
and dide by two, obtaining:
1011
Similarly, for calculating 3 · 1011 + 1 we obtain:
10110
1011
+1
and add modulo-2 obtaining:
100010
and divide by two, obtaining:
10001
And so on, finishing the 3x+ 1-procedure on 1.
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